The solution of a general second order linear partial differential equation in two variables by Laplace transforms is utilized to develop a method for the evaluation of a large class of indefinite integrals involving the special functions.
ON THE EVALUATION OF INDEFINITE INTEGRALS INVOLVING THE
Summary.
The solution of a general second order linear partial differential equation in two variables by Laplace transforms is utilized to develop a method for the evaluation of a large class of indefinite integrals involving the special functions.
1. Introduction. Indefinite integrals involving the special functions are of importance in analysis and in many physical problems. Although extensive work has been done on integrals containing the Bessel functions the literature contains relatively few results for any of the other special functions. For references see the paper immediately .succeeding this one in this issue.1 In the following we develop a method of evaluating integrals which is equally applicable to many of the special functions, including the Bessel functions as a particular case. 
where primes denote derivatives with respect to x. The ordinary inhomogeneous differential equation ( Rather than proceeding to the inversion of Y(x, s), however, we shall consider the integrals in Eq. (4) as our unknowns and hence would like to have Y(x, s) a known solution. One case in which the solution is quite simple is provided by assuming the boundary and initial conditions to be such that the solution y(x, t) is actually time independent, so that
The particular boundary conditions that must be chosen need not concern us here,, since, as will be seen later, they do not enter the final formulas. Writing
we now solve for /, from Eqs. (4) and (7):
and from Eqs. (9) and (11) we have 
the Legendre function, and from Eq. (8) y0 = A + B log 1 + x 1 -x (16).
where A and B are arbitrary constants. Substituting Eqs. (14), (15) and (16) 
and for A = 0, B = 1
3. Derivation of generalized formula. We now extend Eq. (12) by considering a more general equation than Eq. (1), and hence let y(x, t) be a solution of
in which a^(x) and b^x) are arbitrary. 
which we solve by variation of parameters, giving
Here F, and F2 are any two linearly independent solutions of the homogeneous equation
and W is the Wronskian of Yx and F2 , defined in Eq. (6). We again assume that the boundary and initial conditions are such that y(x, t) is independent of time, so that Eq. (7) is valid and y0 is a solution of
Substituting Eq. (7) in Eq. (21) we have
where
Ci -a,(x) + sbj(x) i = 0, 1, 2.
As in Eqs. (10), (11) and (12) (29) and (23) respectively, and Eq. (30) is valid for any solution Fj of Eq. (29) and arbitrary y0 . Equations (28) and (30) which is identical with Eq. (30). Although this derivation is far simpler than that given in arriving at Eqs. (28) and (30), the lengthier discussion is presented for a number of reasons. First, it is in Eq. (28) that one sees clearly that to obtain fairly simple integrands {and hence useful integrals) one must choose Y t and ya so that all but one of the factors c, -a, is zero, and this equation is only put in evidence by the first method of derivation. Moreover, although relations involving the Wronskian have often been used in the past to evaluate indefinite integrals, the exhibition of Eq. (30) 
On the other hand, if we let y0 = , then again from Eq. (28) we have
Equations (31) and (32) were arrived at by choosing Yi and y0 so that (c, -O;) d'y0/dx' would reduce to a single term. Evidently many integrals may be evaluated in this way, but the class of integrals which may be obtained by this procedure may be greatly extended by allowing more than one of the terms c, -a{ to be non-zero. We select functions Yi and y0 containing one or more parameters so that they have the same functional form but differ in the value of their parameters. Using the recurrence formulas satisfied by these functions one may obtain recurrence formulas for integrals; the first few integrals may be evaluated in the manner illustrated by Eqs. (31) and (32) and the recurrence relations then give all others. This procedure is developed in [B] , in which a number of integrals involving the Legendre functions, the confluent hypergeometric function and the Bessel functions are evaluated. 'See Refs. [7] and [8] at the end of [B] ,
